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Abstract
We propose a representation of four-fermion processes at one loop, at variable c.m. energy,
in which the theoretical input contains certain quantities measured on top of Z resonance at
LEP1 and SLC, rather than the more familiar input parameter G

. This choice allows the
calculation of the \residual" one-loop expressions in a way that exhibits interesting properties
for cases of new physics, as shown with two specic examples of models of technicolour type





Whenever a search of virtual eects (characteristic of some theoretical model to be tested at
a certain level) is performed in a high-precision measurement, two theoretical assumptions
are normally implicitly considered as trivial necessary conditions in order that the program
may become successful. The rst one is that the values of those parameters to be considered
as an input in the theoretical formulae must be known with a \suitable" accuracy, which
means in practice that the possible error that aects them can be considered as negligibly
small with respect to the experimental one of the high-precision test which is proposed. The
second request is that the theoretical calculation of the virtual eect for a certain model may
be actually performed in a clean and reasonable way, without introducing too many extra ad
hoc assumptions that would induce an unpleasant loss of generality, or of reliability, of the
calculation.
A priori, it would appear natural to consider these two assumptions as totally unrelated
and not mutually interacting. In this sense, choosing the \best" input parameters would simply
mean selecting those that are known with the maximum accuracy. Once this selection is made,
the calculation of the relevant virtual eects proceeds, meeting or avoiding computational
diculties that are, in a sense, intrinsic to the specic model.
To produce an illustrative example of this (vague) statement, consider the case of the cal-
culation of possible technicolour eects on electroweak observables subject to very accurate





one normally proceeds by rst writing a theoretical expression for Z leptonic observables which





the muon lifetime, and M
z
. Then the calculation of technicolour eects proceeds in the way
rst illustrated by Peskin and Takeuchi [2]. In particular, one sees that the eect on "
3
, or
on the original Peskin-Takeuchi parameter S, can be calculated in a \clean" and reasonable
way by resorting to unsubtracted dispersion relations, without great loss of generality of the
considered model. On the contrary, the calculation for "
1
(or T ) is much more delicate and
model-dependent in this case, involving the quantity where custodial symmetry is broken from
fermion masses. Here the (still ambiguous) ne details of the model become dominant, and in
conclusion it appears dicult to derive from the measured value of this parameter suciently
general indications on technicolour [2].
In the considered example, certain quantities measured on the Z peak were involved. In
particular, the leptonic width of the Z; 
`






) measured at the









(the \test" parameters). With this choice, the








) provide values of "
1;3
, and thus allow tests of a number
of models \beyond" the MSM from the analysis of their possible virtual eects on four-fermion













will be measured, either in the very near future at
LEP2, or in the long term at a more powerful new linear collider (NLC). Although the main aim
1
of these machines will undoubtedly be that of direct production of as-yet undiscovered particles,
the calculation of virtual eects will still be a very important activity, either to investigate the
ne details of possible new models, or to try again, in the less exciting case of no direct discovery,
to identify small deviations from the MSM predictions for suitably chosen \test" parameters.
In this case, one might imagine generalizing the previous parametrization already used on top




as input parameters would appear a
priori the most convenient. In fact, one might imagine trading some of these parameters with
other, new quantities measured, e.g., on Z resonance, typically, say,  
`
. But at rst sight this









), and therefore one would feel that G

is in any
case a better parameter than  
`







The main goal of this paper is that of showing that the previous feeling is not always
correct. To be more precise, we shall demonstrate that, if a calculation of virtual eects of











) as input parameter) would be extremely useful for
computational purposes. This is due to the fact that, as we shall explicitly show, the choice
of the input parameters and the theoretical features of the related \test" parameters are now
strictly correlated. In particular, a proper choice of the input set (the one that we propose in
this paper) allows the \reabsorption" of quantities that would systematically introduce in the
test parameters the most heavily model-dependent features of the models to be tested.
Technically, this paper is organized as follows: Section 2 contains a brief description of the
method, for the particularly simple case of nal leptonic states. Section 3 is devoted to the two
particularly illustrative examples of \technicolour-type" models and of models with anomalous
triple gauge boson couplings. Section 4 contains a nal discussion and our conclusions.
2 The Method
(a) The Unsubtracted Representation.
We consider the process of electron-positron annihilation into a charged fermion-antifermion






. Although this is by no means essential, we shall rst consider
the case where the nal fermions are massless leptons (not electrons). The generalizations to
nal, possible massive, quarks are straightforward but only slightly more involved, and will be
given in a dierent paper.
The starting point of our analysis is the theoretical expression of the invariant scattering am-
plitude at one loop (the realistic limit of perturbation expansions for the considered electroweak








































































































































































The decomposition of A
(1)
given here is \along" the three possible independent Lorentz
structures that may arise at one loop for massless nal leptons, that might be indicated as
(); (zz) and (z) respectively. Since A
(1)
is automatically gauge-independent, the same
property must obviously be true for the multiplicative coecients of the three independent
structures. These are made by certain combinations of transverse self-energies, generalized ver-
tices (i.e., with external fermion self-energies already included) and boxes (tadpoles are already


















(0) = 0 (which can always be achieved by properly reabsorbing




































































































) is the following. Adopting notations similar to
those of Degrassi and Sirlin [4], we have dened the \generalized" weak vertex contribution

















The one-loop generalized weak vertex initiated by a nal  will always be decomposable onto






























Analogous decompositions will be obtainable for the other (initial , initial and nal z) weak
vertices. Thus, one sees that the diagram of Fig. 1 contributes at one loop both to the ()
and the (z) Lorentz structures, and similar properties are valid for the other vertices.
In a perfectly analogous way, one can decompose the fraction of A
(1)
coming from \genuine
weak" (i.e., WW and ZZ) boxes  A
(1)(b)
onto the three independent Lorentz structures of
this process [5]. This decomposition is known and available in the literature [6], and we shall
not give explicit expressions here.
Note that in Eq. (1) we still have bare masses and couplings everywhere. Note also that
we have left out and explicitly denoted as A
(1)(QED)
the part of A
(1)
that is not \genuinely"
weak. This consists of \classical" QED \radiation" diagrams, plus QED vertices and  and z
boxes, that are already gauge-invariant and must be treated separately and considered, at any
q
2
value, a \known" contribution to the various structures to be evaluated numerically by some
appropriate numerical, apparatus-dependent program [6].
To verify the gauge-independence of the three combinations dened by Eqs. (7)-(9) is
straightforward and particularly easy if one follows the Degrassi-Sirlin approach [4], as we did
in this paper. This is an important check, particularly when calculations of extra eects will
have to be performed in models of new physics that will introduce an extra explicit gauge-
dependence (for instance, models with anomalous triple gauge couplings).
Having illustrated (we hope in a clear and self-consistent way) our starting Eq. (1), we can
now proceed with the derivation of our method. The next and immediate step is that of realising
that, at the pure one-loop level, (i.e., throwing away systematically terms that are formally of





















































where the denition of v
(1)(z)



















































Equation (12) concludes the rst part of this section. It can be viewed as a \normal" repre-













. From a technical point of view, it has the nice feature that the \gen-
uine" electroweak component has, formally, the same Lorentz structure as at tree-level, with
a number of precisely given replacements. This allows us to write immediately the one-loop








processes, once the corresponding tree-level formulae are given. But when doing that, one
must also replace all the bare quantities with corresponding physical ones, making sure that
all innities cancel separately in the various structures. It is at this stage that the choice of a
specic input set becomes relevant. This will be discussed in detail in the second part of this
Section.
(b) The Z-peak Subtracted Representation.
To illustrate with a particularly simple example the philosophy of our approach, we consider





To obtain this term is trivial (from our previous discussion), once the corresponding tree-level
expression is known. In fact, the expressions of the various observables at tree-level have already
been explicitly given in a previous paper [7], where a preliminary presentation of our method
(that did not take into account the complete set of one-loop virtual eects) was given, and we


































) is obtained by integrating over the c.m. angle  in the dierential cross-section
the combination of self-energy, vertices and boxes that belonged to the () structure in Eq.
(12). In fact, Eq. (15) is usually written in a much more convenient form by resorting to the




















































Thus, replacing the bare charge with the photon \pole residue" leaves us with a \photon pole-
subtracted" parameter to be calculated in the theoretical expression. As is well known, this
(trivial) fact has already a great importance at a rather elementary level, since, for instance,
its self-energy hadronic contribution can always be calculated via an unsubtracted dispersion
relation, i.e., without introducing extra model-dependent assumptions [8].
5
We want to show that a remarkably analogous picture can be obtained for the remaining
contributions to the various observables of the process, the \photon pole" being naturally
replaced by the \Z peak". With this aim, we rst consider the pure Z contribution to the





























































































































































































is the conventionally-dened q
2
-dependent Z width that will disappear in practice for


















Equation (19) provides a representation of the pure-Z contribution to 

that contains




, plus the q
2
-dependent
combinations dened by Eqs. (20) - (22). One can use it and calculate the \test parameters"
both in the MSM and in models of physics beyond it. An alternative possibility is provided





















































) is the quantity measured on the peak of the Z resonance in the conventional
denition adopted by the various LEP1 groups [3].












































































































































a \subtraction" at the Z peak has been performed.
By comparing the two perfectly equivalent representations Eqs. (19) and (27), one sees that
in the second one G

has been \traded" for  
`
. The consequence of this operation is that the





feature of this exchange is that R;V no longer contain the q
2
-independent quantities that enter
into the round bracket of Eqs. (18) and (21). This will be the main point when calculations
for models of new physics will have to be performed.
The operation that we have described can be repeated in other observables. In practice,
only one new situation is met in the calculation of the nal  polarization at one loop (or, alter-
natively, of the longitudinal polarization asymmetry for leptons). Here the relevant expressions







































i.e., again in terms of the subtracted parameter V (q
2
) and of a quantity measured on top of






). No other independent
input on \test" parameters are required to describe the set of leptonic processes.
It can be useful at this point to give an approximate expression, where only the relevant
terms have been retained, for the three independent leptonic observables, i.e., the muon cross-
section, the forward-backward muon asymmetry and the nal  polarization asymmetry. In
7














































































































































































































































Equations (32) - (34) are the main result of our paper. They provide the \Z-peak subtracted"
representation of four lepton processes that, we believe, turns out to be particularly convenient
if one wants to calculate the eects of models of new physics. They contain ;M
z
and two











can be considered, in the zero width approximation, as the \residues" of the Z propagator and
of the    Z self-energy. In strict analogy with the photon case, the \residual" coecients
are dierences of functions, \subtracted" at the Z peak. We still have to show that these
coecients are particularly convenient for an evaluation in models beyond the MSM. This will
be done in the forthcoming Section 3 for two specic and particularly illustrative cases.
3 Applications
(a) Models of \technicolour type"
The example of models of \technicolour type", i.e., with some vector resonance strongly
coupled to the known gauge bosons, has already been discussed in great detail in Ref. [7]. This
8
is particularly illustrative of the advantages of our representation. In fact, had one used a con-
ventional parametrization of the type shown in Eq. (19), the contribution of such models, that
by denition cannot be treated perturbatively, would be hard to estimate. In particular, the
q
2
-independent terms in the various brackets would contain the custodial-symmetry-violating
self-energy component called (0) and other transverse self-energies not obeying any un-
subtracted dispersion relation. By reabsorbing all such terms in the Z-peak observables, one
is left with dierences of quantities, whose self-energy components (the only ones that this
model aects) do satisfy an unsubtracted dispersion relation (one may say that the relative
subtraction constant is provided by Z-peak measurements) and may therefore be estimated in
a \reasonable" way, i.e., one that is independent of several of the \ne" details of such models.
Since the discussion of Ref. [7] is rather exhaustive, we do not repeat it here. Rather than
that, we show in Figs. 2 and 3 an updated version of our previous calculations that takes into








Then, Figs. 2 and 3 show the discovery limits for the masses of a couple of vector and axial





= 190GeV and 500GeV respectively, and for a more complete discussion
we refer to previous references [8], [11]. One sees that the discovery limits (\almost" suitable
at 500GeV ) would be rather poor at LEP2, unless for some reason a techniresonance of much
smaller mass than in the canonical schemes [12] did exist [13].
(b) Models with anomalous triple gauge couplings
As a second, and also a particularly illustrative, example we choose that of models with
anomalous triple gauge boson couplings [14]. In such models, contributions generally arise both










symmetric eective Lagrangian that conserves both C and
CP, and is realized in a linear way, i.e., with the standard Higgs doublet, recently illustrated
by Hagiwara, Ishihara, Szalapski and Zeppenfeld [15], whose notations we shall keep. In such
a model, four of the independent operators contribute at tree level and ve dierent (\blind")
ones contribute at one loop the various vertices and boxes, making a total of nine arbitrary
parameters (plus the unknown Higgs mass and the scale , usually assumed to be of O(1TeV )).
To derive bounds or information on this model from a small number of experiments clearly
represents a non-trivial task [16].
To visualize the (positive) inuence of our representation in this case, we consider rst the






). This is in fact already




























that appear in the eective Lagrangian. We see therefore that one begins with two parameters
in the single observable pure photon combination.
When we move to the pure Z combination, we may try to use the \unsubtracted" repre-

































































One sees that the \unsubtracted" coecient contains a third renormalized and q
2
-independent


























): one nds a q
2
-independent
contribution that contains a certain combination of f
r
;1
and of the fourth renormalized param-
eter of the model f
r
BW































, whose explicit expression can be
easily calculated. The result of this approach is that, retaining the unsubtracted representation,
four dierent renormalized parameters of the model would enter into the theoretical expression
of the three available observables. Note that adding extra realistic hadronic observables would
introduce other parameters, e.g., related to the Zb

b vertex.
This situation changes drastically if we use the subtracted representation. In this case all
the q
2
-independent parameters (that are, incidentally, the most heavily model-dependent, as









is left with two independent parameters entering (three) dierent combinations. More precisely,



































































From Eqs. (37), (40), (41), one can easily calculate the anomalous eect on the various leptonic
observables. To give a more quantitative estimate, we have written here the approximate eects,













































































































(close to the realistic LEP2





and of a few \ten per cent" in A

, which would lead in all cases to potentially visible eects
(or clean bounds).
The conclusion of this second example is, we believe, positive. We have shown that by using
our Z-peak subtracted representation four-fermion processes can become an interesting way of
studying, in a clean way, already at LEP2 energies, the eects of anomalous gauge couplings.
Note that the couplings that are involved are quite dierent from the (blind) ones that would
enter WW production, of which the four-fermion process would therefore represent a possibly
interesting complementary alternative (a much more detailed discussion on this point will in
fact be given in a separate paper).
An essential feature to be discussed at this point is that of whether the use of this repre-








introduce dangerous \theoretical" uncertainties coming from the experimental error on  
`
; ~v.
This will be discussed in Section 4.
4 \Uncertainties" in the representation







) in the theoretical
expressions, the simplest thing is to consider the expressions Eqs. (32)-(34) that represent the



























). However, they have
to parametrize observables whose relative experimental precision will be of the per cent (and
not per mille) level. In particular: the error on  
`
(Eq. (45)) does not aect 

(largely
dominated by the photon term) and introduces a few per mille error in A
FB;
(i.e., roughly
ten times smaller than the - optimistic - anticipated experimental error [18]). The error on ~v,
Eq. (46) (in fact, on the equivalent quantity A, Eq. (35)) is also, qualitatively, much smaller
than that which one could expect (ten per cent or more) in a (possible) measurement of A

,
that we consider here only as a potentially interesting observable (a rigorous experimental
11
discussion on this subject is at the moment missing). Thus, in any case, the new input does
not generate sizeable \theoretical" uncertainties (note that the relative errors Eqs. (45) and
(46) will certainly decrease in the course of the nal LEP1 - and SLC - runs).
We are now in a position to draw some conclusions. We believe to have shown that the
use of a Z-peak subtracted representation of four-fermion processes allows the study of the
eects of some models of new physics on realistic observables in a remarkably simple and clean
way, without introducing dangerous theoretical uncertainties. We feel therefore that it might
be worth generalizing our approach, both to the study of eects of other types of models
(typically SUSY models or models with one extra Z) and to the study of other processes (e.g.,
nal hadronic states or charged currents). Work in these directions is by now in progress.
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Figure captions
 Fig. 1 : Schematization of a one-loop eect with nal photon \generalized" vertex,
following the approach of Ref. [4].




) plane for a couple of vector and axial-vector
strong resonances assuming the validity of the two Weinberg sum rules and using the










 Fig. 3 : Same as Fig. 1 for
p
q
2
= 500GeV .
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